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Black-hole quasinormal modes have been the subject of much recent attention, with the hope that
these oscillation frequencies may shed some light on the elusive theory of quantum gravity. We study
analytically the asymptotic quasinormal spectrum of a charged scalar field in the (charged) Reissner-
Nordstro¨m spacetime. We find an analytic expression for these black-hole resonances in terms of the
black-hole physical parameters: its Bekenstein-Hawking temperature TBH , and its electric potential
Φ. We discuss the applicability of the results in the context of black-hole quantization. In particular,
we show that according to Bohr’s correspondence principle, the asymptotic resonance corresponds
to a fundamental area unit ∆A = 4h¯ ln 2.
Everything in our past experience in physics tell us
that general relativity and quantum theory are approxi-
mations, special limits of a single, universal theory. How-
ever, despite the flurry of research in this field we still lack
a complete theory of quantum gravity. In many respects
the black hole plays the same role in gravitation that the
atom played in the nascent of quantum mechanics [1].
It is therefore believed that black holes may play a ma-
jor role in our attempts to shed light on the nature of a
quantum theory of gravity.
The quantization of black holes was proposed long ago
by Bekenstein [2,3], based on the remarkable observation
that the horizon area of a non-extremal black hole be-
haves as a classical adiabatic invariant. In the spirit of
the Ehrenfest principle [4] – any classical adiabatic in-
variant corresponds to a quantum entity with a discrete
spectrum, and based on the idea of a minimal increase in
black-hole surface area [2], Bekenstein conjectured that
the horizon area of a quantum black hole should have a
discrete spectrum of the form
An = γℓ
2
P · n ; n = 1, 2, 3, . . . , (1)
where γ is a dimensionless constant, and ℓP = (Gh¯/c
3)1/2
is the Planck length (we use units in which G = c = h¯ = 1
henceforth). This type of area quantization has since
been reproduced based on various other considerations
(see e.g., [5] for a detailed list of references).
In order to determine the value of the coefficient γ,
Mukhanov and Bekenstein [6–8] have suggested, in the
spirit of the Boltzmann-Einstein formula in statistical
physics, to relate gn ≡ exp[SBH(n)] to the number of
the black hole microstates that correspond to a partic-
ular external macro-state, where SBH is the black-hole
entropy. In other words, gn is the degeneracy of the nth
area eigenvalue. Now, the thermodynamic relation be-
tween black-hole surface area and entropy, SBH = A/4h¯,
can be met with the requirement that gn has to be an
integer for every n only when
γ = 4 lnk , (2)
where k is some natural number.
Identifying the specific value of k requires further in-
put. This information may emerge by applying Bohr’s
correspondence principle to the (discrete) quasinormal
mode (QNM) spectrum of black holes [9]. Gravitational
waves emitted by a perturbed black hole are dominated
by this ‘quasinormal ringing’, damped oscillations with a
discrete spectrum (see e.g., [10] for a detailed review). At
late times, all perturbations are radiated away in a man-
ner reminiscent of the last pure dying tones of a ringing
bell [11–14]. These black-hole resonances are the charac-
teristic ‘sound’ of the black hole itself, depending on its
parameters: mass, charge and angular momentum.
It turns out that for a Schwarzschild black hole, for
a given angular harmonic index l there exist an infinite
number of (complex) quasinormal frequencies, character-
izing oscillations with decreasing relaxation times (in-
creasing imaginary part) [15,16]. On the other hand,
it was found numerically [15,17,18] that the real part of
the Schwarzschild gravitational resonances approaches an
asymptotic constant value. Based on Bohr’s correspon-
dence principle, it was argued [9] that the asymptotic
resonances are given by [19] (we assume a time depen-
dence of the form e−iωt),
ω = ±T sBH ln 3− i2πT
s
BH(n+
1
2
) , (3)
where T sBH = 1/8πM is the Bekenstein-Hawking tem-
perature of the Schwarzschild black hole. An analytical
proof of this equality was later given in [20].
The emission of a quantum of frequency ω results in
a change ∆M = h¯ωR in the black-hole mass. Assum-
ing that ω corresponds to the asymptotically damped
limit Eq. (3) [19], and using the first-law of black-hole
thermodynamics ∆M = 14T
s
BH∆A, this implies a change
∆A = 4h¯ ln 3 in the black hole surface area. Thus, the
correspondence principle, as applied to the black-hole res-
onances, provides the missing link, and gives evidence in
favor of the value k = 3.
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Furthermore, it was later suggested to use the black-
hole QNM frequencies in order to fix the value of the
Immirzi parameter in Loop Quantum Gravity, a viable
approach to the quantization of general relativity [21–23].
The intriguing proposals outlined above [9,21] have trig-
gered a flurry of research attempting to calculate the
asymptotic ringing frequencies of various types of black
holes (for a detailed list of references see, e.g., [24]).
It should be emphasized however, that former analyt-
ical studies of the asymptotic QNM spectrum did not
include chemical potentials, such as rotation or electric
charge. These potentials enter into the first law of black-
hole thermodynamics for rotating black holes, or for a
charged scalar field in the (charged) Reissner-Nordstro¨m
(RN) spacetime [see Eq. (14) below]. In contrast to the
Schwarzschild black hole, in these cases there is no sim-
ple one-to-one correspondence between the energy of the
emitted quanta and the resulting change in black-hole
surface area. Thus, the inclusion of chemical potentials
may allow a deeper test of the applicability of Bohr’s cor-
respondence principle to the quantization of black holes.
In this work we study the asymptotic resonances of a
charged scalar field in the RN spacetime, and provide an-
alytical formulae for the corresponding QNM spectrum.
This is done by using a similarity between the QNMs of
the charged scalar field and the known asymptotic spec-
trum of the natural field.
The dynamics of a charged scalar field in the RN space-
time is governed by the Klein-Gordon equation [25]
∆
d2Rl
dr2
+ (2r − 2M)
dRl
dr
− l(l + 1)Rl
+
r4
∆
(ω −
eQ
r
)2Rl = 0 , (4)
where ∆ ≡ (r−r+)(r−r−), and r± =M ± (M
2−Q2)1/2
are the black hole (event and inner) horizons. Here e is
the charge coupling constant [e stands for e/h¯, and has
dimensions of (length)−1]. The black hole QNMs corre-
spond to solutions of the wave equation with the physical
boundary conditions of outgoing waves at spatial infin-
ity and ingoing waves crossing the event horizon [26].
Such boundary conditions single out a discrete set of res-
onances {ωn}. The solution to the wave equation may
be expressed as
Rl = e
iωr(r − r−)
−1+i2Mω+iσ+ (r − r+)
−iσ+
Σ∞n=0dn
(r − r+
r − r−
)n
, (5)
where σ+ ≡ r
2
+(ω − eQ/r+)/(r+ − r−).
The sequence of expansion coefficients {dn : n =
1, 2, . . .} is determined by a recurrence relation of the
form [15]
αndn+1 + βndn + γndn−1 = 0 , (6)
with initial conditions d0 = 1 and α0d1 + β0d0 = 0. The
quasinormal frequencies are determined by the require-
ment that the series in Eq. (6) is convergent, that is Σdn
exists and is finite [15].
We find that the physical content of the recursion co-
efficients αn, βn, and γn becomes clear when they are
expressed in terms of the black-hole physical parame-
ters: the Bekenstein-Hawking temperature TBH = (r+−
r−)/A, and the black-hole electric potential Φ = Q/r+,
where A = 4πr2+ is the black-hole surface area. The re-
cursion coefficients obtain a surprisingly simple form in
terms of these physical quantities,
αn = (n+ 1)(n+ 1− 2iβ+ωˆ) , (7)
βn = −2(n+
1
2
− 2iβ+ωˆ)(n+
1
2
− 2iωr+ + ieQ)
−
1
2
− l(l+ 1) , (8)
and
γn = [n− 2i(2Mω − eQ)](n− 2iβ+ωˆ) , (9)
where β+ ≡ (4πTBH)
−1 is the black-hole inverse temper-
ature, and ωˆ ≡ ω − eΦ.
We shall show that the quasinormal spectrum of a
charged scalar field in the RN spacetime is closely related
to the corresponding spectrum of a natural scalar field.
The asymptotic spectrum of a natural scalar field in the
RN spacetime is determined by the equation [27,28]
2e∓4piβ+ω + 3e∓8piMω = −1 . (10)
Equation (10) suggests that the natural spectrum (for
which ωˆ = ω) depends on the combinations β+ω and
2Mω appearing in Eqs. (7)-(9), but does not depend
explicitly on ωr+. From Eqs. (7)-(9) one learns that
the analogy between the asymptotic spectrum of a nat-
ural scalar field and the corresponding spectrum of a
charged field is obtained by applying the transformations
β+ω → β+ωˆ and 2Mω → 2Mω − eQ in Eq. (10). Us-
ing these transformations, one finds that the asymptotic
quasinormal mode spectrum of a charged scalar field is
given by
2e∓4piβ+(ω−eΦ) + 3e∓4pi(2Mω−eQ) = −1 . (11)
For charged black holes that satisfy the condition eQ >∼
r+/r− [this condition also reads Q/M >∼ (h¯/αA)
1/6,
where α is the fine structure constant], one of the ex-
ponents (depending on the sign of eQ) in Eq. (11) is
negligible as compared to the other, thus yielding two
families of QNM resonances
ω = ±TBH ln 2 +
eQ
r+
− i2πTBH(n+
1
2
) , (12)
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and
ω = ∓T sBH ln 3 +
eQ
rs+
− i2πT sBH(n+
1
2
) , (13)
where rs+ = 2M is the Schwarzschild radius, and the
upper/lower signs correspond to positive/negative values
of eQ, respectively [29].
The emission of a quantum of frequency ω and an elec-
tric charge e results in a change ∆M = h¯ωR in the black-
hole mass, and a change ∆Q = e in its charge. Substitut-
ing the fundamental resonance, Eq. (12), into the first
law of black-hole thermodynamics
∆M =
1
4
TBH∆A+Φ∆Q , (14)
one obtains the corresponding change in black-hole sur-
face area
∆A = 4h¯ ln 2 . (15)
Remarkably, this fundamental change in black-hole sur-
face area is in accord with the Bekenstein-Mukhanov
general prediction, Eq. (2). In particular, it should be
stressed that this area spacing turns out to be indepen-
dent of the black-hole parameters,M and Q, and also in-
dependent of the charged-field parameters, e and l. The
physical interpretation of the second branch, Eq. (13), is
yet to be revealed.
In summary, motivated by novel results in the theory of
black-hole quantization, we have studied analytically the
QNM spectrum of a charged scalar field in the charged
RN spacetime. It was shown that the asymptotic reso-
nances can be expressed in terms of the black-hole phys-
ical parameters: its temperature TBH , and its electric
potential Φ.
The case of a charged field is interesting from a physi-
cal point of view, since it introduces a chemical potential
into the system (in the form of the black-hole electric
potential Φ). This enabled us to test the applicability
of Bohr’s correspondence principle to the quantization
of black holes in generalized situations, in which there
is no one-to-one correspondence between the energy of
the emitted quantum and the resulting change in black-
hole surface area. We have shown that according to the
Bohr correspondence principle, the emission of a charged
quantum from a charged RN black hole induces a funda-
mental change in black-hole surface area, ∆A = 4h¯ ln 2.
Remarkably, this area unit is universal in the sense that
it is independent of the black-hole parameters, nor on the
charged-field parameters.
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